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G
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_oKh_
x ≥ 1 "JLKNPeS!\_aKNPUr^P ﬃeNf|_af{c0eQc_oKNPLKNPh0j`_% G Kh0]"h>¢#Pja_aP¦ v c0;r^P0joPPc0eNP# @\f{er^db_af{c0e
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G− v h0rNOQf|_o]>h (p, q) © L © bc0z{c0dNjof|e­UKNfgbKªbhe;P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cch(G) = O(ch(G))
"¤¥PLh0jaPeNc_ﬂh0Nz|P_ac]aP_`_oz|P_oKNPU£#dP]`_af{c0e­KPjoP0Nd^_
JLKPc0joPO %}Q;Pz{c r^c,P]~]`KcD_oKh_
cch(G) = O(ch(G) + ln(|V (G)|)) ~¤¥P­Oh®#PeNcBh_`_oP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_occ0q^_of|Ofg]`Pb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
cch(G) ≤ 36 ch(G) + 54 lnn + 3.


¶§¶o;¡f|¦
p, q
h0er)]aP_
t = 36 ch(G) + 54 lnn + 3
WZ,dqNqc!]`P­_aKh_~z{f{]`_o]
L(v) ⊆ Zp ck]afPSh_
z{Ph#]m_
tq + 1
hjoP­#f|¢#Pe§


q = 1
;_aKPe°PSbhe°bPja_oh0f|eNz{\
(p, q) © L ©
bc0z{c0dj
G
h0]
t + 1 > ch(G)
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Z^cQPOh\Bh0]o]`dOQPW_oKh_
q ≥ 2 Uf_oKNc0d^_nz{c#]o]c"0PeNPjhz{f_m\#
#GP_Ud]qhja_af|_af{c0e
{
0, . . . ,
⌊
p−1
q−1
⌋}
f|e!_acQ0joc0dq]
gi = {3i, 3i+ 1, 3i + 2} c§_oKNjoPPbc0e]`P%bd^_of|¢#P
e,dNOSPjo]UKPjoP_aKNPSz{h#]m_~0joc0dNqxOh\
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~T~d^_~cﬂPh#bK
#jac#dNqBc0_oKNjoPP0P¦NbPq^_L_aKNP¢#P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z{POP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i = 0
P­]af|OqNz{\
qf{b®5c#eNPc
0, 1, 2
dNeNf|¨c0joOQz{\Bh_Ljher^c0OxkT~ebPhbKNc#f{bPWKh0]L;PPeOh0r^P¨c#j
gi−1
^PqNfgb®5c0eNP
c0
3i, 3i + 1, 3i + 2
dNeNf|¨c0joOQz{\Bh_Ljher^c0O qNjoc¢,f{rNPr5Pr^fgr
ec_nbKNc,c#]aP
3(i− 1) + 2 ¨joc0O gi−1 
T>_oKNPjoUfg]`P##P~bKNc,c!]`Pnc#eNP>c0
3i+ 1, 3i+2
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v
_oKNP]`P_cG]aPz{Pb_aP%r5f{er^fgbP],\ K = {k : k Lh0]UbKNc!]`Pe } "¤ f_oKBP%h0bK5f{er^P¦ k ∈
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0, . . . ,
⌊
p−1
q−1
⌋}

P~h#]a]ac^bfgh_oP>he
f|e!_aPja¢h0z
Ik = {k(q− 1), . . . , (k + 1)(q− 1)− 1} c Zp  
 c_of{bP>_oKh__aKNP Ik hjoP
rNf{]Älmc0f{e!_Lf{e!_aPja¢hzg]Lcz|PeN_oK
q − 1  * bjodbfghz.c0]`Pja¢h_of|c#e5¨c#jL_aKNP]aP£!dNPzf{]_oKh_%Nf k, l ∈ K h0jaP
rNf{]`_af{eb«_>h0er
a ∈ Ik, b ∈ Il N_aKNPe |a− b|p ≥ q kZ^PP¡f|#dNjoPS#
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3(q − 1) 6(q − 1) 9(q − 1)
I
p − 1
j
p−1
3(q−1)
k
(q − 1)
0
· · ·
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*
ef{z{z|d]`_ajh_of|c#e
c0G_oKNP Ô_oKNf{eNeNf{eNqNjoc,bPr^djaP~¨c0jnJLKNPc0joPOY}^
#GP_nd]n]aP_ I = ⋃k∈K Ik ﬂ¡Nc#jUPh#bK v ∈ V Nz{P_nd]Ur^P ﬃeP
S(v) = {k ∈ K : Ik ∩ L(v) 6= ∅}.
JLKPnf{rNPh¨c#jﬂ_oKNP>joP]`_kc._oKNP>qNjoc,cfg]ﬂ_oc­]`Kc _oKh_
t
h#]kbKNc!]`PeQf{eB]adbK5hLh\­_oKh_
P(|S(v)| <
ch(G)) < 1n
¨c0jnh0z|z
v


_nUf|z{z_oKNPe¨c0z{z{c _aKh_
P(|S(v)| < ch(G) ¨c#jn]`c#OQP v ∈ V ) < n · 1
n
= 1.

e c_aKPj­c0jrN]_aKNPjaP
O­d]`_SP¦,fg]`_Qh)bKNc#f{bPBc0neNc0e
©
h0rl`h0bPe!_f|e!_aPja¢h0z{]3c0eNP5¨jac#O P%h0bK #jac#dNq
c0L_aKNjoPP#G¨c#j­UKNfgbK |S(v)| ≥ ch(G) ¨c0jSh0z|z v ∈ V  @\°_aKNP
rNP ﬃeNf|_af{c0e c0 ch(G) "_oKNPjoP5OSd]m_
P¦^f{]`_Qh¥bc#z|c#dNjaf{eN
c
c
G
Uf|_aK
c(v) ∈ S(v)  #§P_d]r^P ﬃeNPxh)eNP bc#z|c#dNjaf{eN f ,\ bKNc,c#]af{eN
f(v) ∈ Ik ∩ L(v) f c(v) = k JLKNfg]bhe°Pr^c0eP¨c0jWPh#bK v ,\_aKPQr^P ﬃeNf|_af{c0e¯c S(v)  
 c
f
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bc0z{c0dNjof{eN;Pbhd]aPf
vw ∈ E(G) _oKNPe c(v), c(w) hjoPr^f{]`_af{eb_­Pz{POPe!_]c K
X bc#e]aP£!dNP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f(v)
her
f(w)
Kh¢0Pn;PPeBbKNc#]aPe¨joc0O eNc#e
©
h0rl`h#bP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_oKh_ |f(v)− f(w)|p ≥ q 

_LjaPOhf{e]3_ocS]aKNc _aKh_
t
fg]bKNc!]`Pe5]`dbK_aKh_
P(S(v) < ch(G)) < 1n
KNc0zgrN]¤¥Pﬂﬃj]`_bzghf{O
_oKh_U_oKNP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1
6
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UKPjoP
s =
⌈
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_oc0P_>]adNNz{fg]m_]
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ÌÌ ÏKL«÷&LM
%  
04'2(
	
		0 00'1
h0er¥h
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3(q − 1) P_mPP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h0e¯b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_h®,f{eN_aKNPﬁﬃj]m_%N_aKP
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⌉
Lher PxrNf{]ob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P¢#Pe!_L_aKh_ aj ∈ I
¨c#j
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PKh¢0P
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PSOh0rNPS¨c#j]`c#OP
#jac#dNq
gl

*
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_oKh_
ai
f{]nb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Pz|POP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P(Bi(k, p) ≤ kp− r) ≤ e−2 r
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k .
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P(S(v) < ch(G)) ≤ exp
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ch(G) = Ω(ln d)
#UKPjoP
d
r^PeNc_oP]"_oKNP>h¢0Pjoh00PLr^P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P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f{0K,;c0dNjSc x her L′(v) = L(v)
c0_aKNPjaUfg]aP0nRz|P%hjoz|\#
L′
f{]~h
(2dG−x − 2) © (p, q) © z{f{]`_>h0]o]af|#eNOP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θi,j,k
5Z,f{eb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eb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